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DEFINITION OF SYMBOLS

Definition
Heading angle

Lift and drag coefficients

Total differential

Altitude

Number of control variables
Spacecraft mass

Number of state variables
Number of terminal constraints
Extra state variable

Radius of earth

Spacecraft cross-sectional area
Velocity

State variable vector

Control variable vector

Roll angle

Model parameter for atmosphere

Angle of attack

Total variation
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A Adjoint variables
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K Constant Lagrange multiplier
158 Gravitational constant
v p X 1 vector of constant Lagrange multipliers
Po Atmospheric reference density
?¢> Maximizing function
¥ Terminal constraint vector
Q Stopping constraint
[]1% Partial derivative evaluation for nominal estimates
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TECHNICAL MEMORANDUM X-64636

APPLICATION OF THE STEEPEST ASCENT OPTIMIZATION
TRAJECTORY PROBLEM METHOD TO A REENTRY

INTRODUCTION

Trajectory optimization problems are usually concerned with the task
of controlling a dynamical system such that a particular mission trajectory is
accomplished with some measure of performance being extremized (maximum
or minimum) . Once this measure of performance is selected, it is used with
the system equations and the initial and terminal boundary conditions to form-
ulate the optimization problem. The mathematical details of a particular form-
ulation depends, in general, upon the complexity of the problem. The methods
resulting from the various formulations can be grouped into two classes:
(1) direct and (2) indirect. Most direct methods are based upon the results
of Kelly [1, 2] and Bryson and Denham [3] known as the method of steepest
ascent while the indirect methods stem from either (1) the calculus of varia-
tions [4], (2) Pontryagains' maximum principle [5], or (3) dynamic programm-
ing [6]. To obtain explicit solutions to the optimization problem using the in-
direct methods, a nonlinear two-point boundary problem must be solved. This
difficulty is circumvented when the direct method of steepest ascent is used.

The purpose of this report is to present an application of the above
mentioned steepest ascent method to an Apollo three-dimensional reentry
optimization problem. This particular problem has been investigated by
Colunga [ 7] using a modified sweep method (MSM). The MSM is a second-
order indirect numerical optimization method whereas the steepest ascent
is of first order.

THE DIRECT METHOD OF STEEPEST ASCENT

Discussion

Steepest ascent is an iterative procedure in which the nominal or
beginning values of the control variables must be supplied by the analyst.
Optimum values for the control variables are determined through a sequence
of perturbations to the control variables; i.e., the control variables are
perturbed by a certain amount and the resulting first-order predictions of
changes in the payoff and constraint functions are determined. The steepest
ascent method then seeks the perturbed control variable time history which



results in maximizing or minimizing the payoff function while simultaneously
satisfying the constraints. The steepest ascent theory can be summarized
as follows: If one goes through a sequence of the prescribed cycles, which
results in improved trajectories, then eventually a trajectory is obtained
which is reasonably close to the optimum. The logic flow is depicted in
Figure 1 which is a block diagram summary of the procedure.

Comment 1: As the optimum solution is approached, the gradient
%3 must tend to zero. If this slope is below some acceptable level, then

we have obtained the solution. If this slope is not below an acceptable level,
then we have to repeat the procedure.

Problem Formulation

Consider a system defined by the n state variables:

x; (8) ]
Xy (t)
x(t) = : . (1)
(nx 1) ’

xn.(t)

These state variables are subject to the m control variables:

a,y (t)

o (t) =

(m x 1) ’ . (2)
a (t)

The optimization problem consists of determining the control matrix
N (t) in the interval t 0 to T so as to maximize the function:




MAKE INITIAL ESTIMATE

USE ' (t) AND INITIAL STATE

OF alt): a’ (v)

> VARIABLE CONDITIONS TO
CALCULATE NUMERICALLY X’ (t)

{

PERTURB o’ (t) BY AN
AMOUNT 4(t) TO MEET
REQUIREMENT OF

MAXIMUM ¢

5(t) PERTURBATION
CAUSES PERTURBATION

INX (1), &x (t)

—_— e e ——
—
l BUT (t) AND X' (t)
DO NOT NECESSARILY

l PROVIDE THE DESIRED
SOLUTION

-
|
|

d¢ : CHANGE IN ¢ FOR

= SMALL PERTURBATIONS

Soft) ABOUTO (t)

FOR STEEPEST ASCENT:
8 a(t) THAT MAXIMIZES d¢ |
FOR GIVEN VALUES OF

(dP)? IS THE DESIRED
SOLUTION

dP : CHOSEN SUCH THAT
PERTURBATIONS § cr{t) ARE SMALL
ENOUGH FOR LINEARIZATION
LEADING TO BOUNDARY
CONDITIONS FOR ADJOINT
EQUATIONS TO BE VALID

Figure 1. Summary of steepest ascent procedure.



PERTURBATION EQUATIONS:

@———" d/dt(8x () =F (1) 5x (1) + G (1) St)

EQUATIONS AJOINT TO THESE:

d )\¢/dt =_Fr (t)_)\¢

WITH TERMINAL BOUNDARY CONDITIONS: INTEGRATE ADJOINT
X¢(T) =13gp/3x17T > EQUATIONS TO
DETERMINE %

{CONTAINED IN SOLUTION
Scit) IN B—-1)

(COMMENT 1)

CONTROL VARIABLE

PERTURBATION GIVEN BY

balt) 1S ADDED TO INITIAL p——)-] PROCEDURE 1S REPEATED
ESTIMATE TO FORM

2ND APPROXIMATION

Figure 1. (Concluded).




$ = ¢ [x(T), % (T),..., x (T), T] (3)

while satisfying the p terminal constraint functions:
‘III[X1(T)’ x2(T)9-0-sxn (T),T]
WZ[XI(T), XZ(T),'°°9 xn(T)aT]

v = =0 (4)

¥ [x(T), %(T), ooy X, (T).T]

—

and the single stopping condition:

@ = Q [x(T)%(T)...,x (T),T] = 0 (5)

and the n system equations:

S B Ix4(8)  Xg(1), o x_ (8,0 1(0), @ (D), .00r@ (8),1]
dXz
F fZ[X]_(t) aXZ(t) y o 'sxn(t) ’ o 1(t) 3a Z(t) 9 e . .,anl(t) ,t]
? . _ .
(nx =] = 1. - (6)
dxn
LTt fn[xl(t) ,XZ(t) 9 0. sxn(t) 9a1(t) ’ aZ(t) > .. "am(t) ’t]

The optimization problem thus formulated can be solved by using the
steepest ascent method developed by Bryson and Denham {3]. It is assumed
that the initial conditions x (ty) are specified.



To start the procedure an initial estimate must be made of the control
variables in the interval between t, and the time at which equation (5) is

-1
satisfied. Denote this estimate by « ( )( t) and use it and the initial conditions

- 1 -
(1) (1)

and equations (6) to numerically determine x (T); i.e., substitute o
in equations (6) and numerically integrate the resulting equations from the
initial state until the stopping condition of equation (5) is reached. This

=(1)

yields the state variables x (T) and the final time T resulting from the

~(1) -(1)

estimate o (t). The values of x (T) and T will not necessarily satisfy v

~ (1)

[equations (4)] or maximize <_p [equation (3)]. Thus, « (t) must be changed

by an amount ba to meet these requirements.

Linear Differential Perturbation Equations

Towards this objective, consider small perturbations éa about the initial
estimates of the control variables. This would lead to a second approximation
given by:

(2) (1)
@ () = e (H) + s, (7

wherei= 1, 2,...,m. The perturbations cause perturbations in the state
variables:

Py = Py oex (8)
J ] ]

where j =1,2,...,n. Next, take the variations of equations (6) by first sub-
stituting equations (7) and (8) into equation (6) and then expanding the right

side of equation (6) in Taylor's series about the nominal estimates ozi( b (t)
and x; b (t):




()
fiLl
= f xf)

e

N i_"f Ay -5 o)|+ Z£<a(2)(t) Dy o
jziij j =1 aak k

where i=1, 2,...,n. The system of equations (9) can be written as:

@, %2, ... 22w, o, a(zz’(t),...,af)(t>,t]

R R C A C R R R <t>,...,a$’<t>,t]

of, = fi[ (D + oxpxet) + GXz,--.,ini)(t) + éxm,agi)

agi)(t)+6a2,...,oz(nil)(t)+ éam,ﬂ - fi[ Dy, xS () (1),

(t) + 0 1

=D, i ), a§1)<t>,...,a§)(t),t]

n m of.
2 i
-3 i (R A AT

Z ~. }ril 8f1
— ox, (t) | + dar, (t) (10)
i1 8x j 1 aozk k

(1) (1)

where i=1, 2,..., n. Thus, the variations in a. (t) and xj (t) induce a
variation in f denoted as éfi. But from the variational calculus, we can write

by combining equations (6) and (10) [8]:

<dxi al
5fi =6 —dE' = d—t' L-(Sxi (t) (11)
or _ .
4 n afi m 8fi
5 0%, (0 Z s O (0] + ) | 53 0oy () (12)
FiL j k=1 k



where i=1, 2,..., n. These equations can be written in matrix notation as:

d [— —_ _ - —
a[éx (t)] = F(t) 6x (t) + G (t) 6 (t) (13)

where

- -

dit [‘5X1 (t)]

4 [ ]

dF— .
a[éx (tl-l = - (14)
(nx 1) '
d
& [ ]
L ud
—6X1 (t) ]
ox (t) = .
(nx 1)
_Gxn (t) |
.-6041 (t) ]
6a g (t)
S (t) =| (16)
(m x 1) '
6ozm (t)
B J




[~ 1;{:
3%y 8%y T Ax
n
of, B afy
9%y 09Xy 0x
_ n
F(t) =| . (17)
(nx n) .
af of of
n n
00Xy 0X9 8Xn_
~ .
of;  ofy 3ty
80!1 80[2 - oa
m
of, 9f ofy
80!1 80!2 . 0
m
G(t) = . . (18)
(nx m) . . .
of of of
n n . _n
_aai 0y aosz

The [J* indicates that the partial derivatives are evaluated for the
nominal estimates. The system of linear differential perturbation equations
for _53;, as given by equations (13), play an important role in determining the
changes in &, ¥, and © as caused by control variable perturbations &a (t).
The following section ascertains this role.

Changes in &, ¥, and & Resulting From
Control Variable Perturbations

We now wish to determine the total changes ds o, dv , and dQ in ?;b, ; .

and Q , respectively, for small perturbations ba in the control variables about



the nominal estimates. To do this we introduce the linear differential equations

adjoint to equations (13) and defined as [9]:

d [= =T, -
% x¢(t>:] = F A

d [- =T, -
E[?\\P(t{l=—F (t) 7\‘1, (t)

d [- =T -
n [Ag(t{I = -F "~ (t) AQ (t)
where
[ ax .
dt
dx 9
dt
at [qu(t) B
(nx1)
da n
7\¢1
}\¢2
A () = '
¢( )
(nx 1) :
}\¢n
L. -

10

(19)

(20)

(21)

(22)

(23)




e 0] -

(nx p)

Ay (t) =
(n x p)

c;l—t [Xﬂ(t)] -
(nx 1)

-

Py11 Pyio Ay 1p
at at at
ot Pyoe ... Pyop
at at at

d d
dh\lfni A\If n2 ... A\Pnp
| "at at at |
Ap1r Mot A 1p
Arot Moo Ay 2p
}\1/ ni A\It n2 7\\1, np
drg |
at
g,
at
dAQn
at
i

(25)

(26)

11



- -
At
A

_ Q2

AQ (t) =

(nx 1) '
AQn

(27)

By definition, the boundary conditions for these equations are given by

the following:

A (T
¢()

Ay (T) =

where
3¢ _[o9 3¢ 00
9x  (0%y 0xy 0X_
(1 x n)
(0w, ov, DY, |
8X1 8X2 T oxX
n
3W, 9V, 3V,
. 8x1 8X2 an
o¥ ,
ox
(p X n) . . .
oV ov ov
p P . P
Laxl 8X2 8Xn |

12

]

T

(28)

(29)

(30)

(31)

(32)



29 20 20
8X1 .03 T an

90
o% (33)

The ()* indicates that the partial derivatives are evaluated for the
nominal estimates. If we now take the transpose of equation (19), post-

multiply by 6x and pre-multiply equation (13) by X’;; and add the results, the

following is obtained:

¢ dt ¢
( 1xn) (nx1) (1xn) (nx1) (ixn) (nxm) (mx1)

iTii—[a(t)] +dit[i¢'f (t£| ()= X ()G (0)dx(t) . (39

We can also write:

_T —
d[?\qb (t) ox (t):' _ s\rql;(t)ad?[dx (t)] N dit[;‘;(t)}g;{(t) . (35)

dt

If we now substitute equation (35) into equation (34), the following
equation is obtained:

dl:id')r (t) ox (tﬂ )

= A

T — —
at ¢ (t) G (t) 6 (t) . (36)

By integrating equations (36) from t, to T, we obtain:

T Mo — T o _
f d[x (t) 6x (til = [ X, (t) G (v) da(t) dt (37)
to ¢ t, ©

13



or

L& o — (AT & (4
¢ ¢
=T t = to
T_T _ .
= A (t) G (t) 6 (t) dt . (38)
b
0
In an analogous manner, .
- T — _ -T Pr—
I:A\If (t) ox (t)] [7\‘1’ (t) ox (t)] »
t=T t= to
T—T _ _
= f Ay () G (1) b (1) dt . (39)
to
_T —_— —_ _T —
[ Q (t) 6x(t)] [AQ (t) 6x (t)i|
t=T t=to
T_T _ _
= [ X () G (t) da(t) dt . (40)
to @

We now consider the functions q;,\ff, and Q that are given by equations
(3), (4), and (5). The total differentials of these expressions are:

.0 — . 8¢
d¢ 5e dx+8T dT

(1x 1)

v =22 & + 2L gr (41) .
X 0

(px 1)

cf‘z =:—Qd§ +§—Q dT

(1x1)

14



where

- dx1 .
dX2
dx = y
(nx 1) . (42)
dxn
| -

But equations (42) can be expressed as (see Reference 9 for a dis-
cussion of these equations):

-4 - -
dx, 6x; (T)
dx, 8x, (T)
= | + far (43)
dxn 6xn (T)
or
dx = 6x (T) + fdT . (44)

By substituting equations (44) into equations (41),

do = 6 + ¢ dT
d¥ = 6¥ + ¥ (T (45)

dQ = 6Q + Q dT

15



where

5 = 22 & (T)
(1x1)

— 39 —

6 = 2= &x (T) (46)
(px1) %

52 = 2% 5% (1)

(1x 1)

D

(1x1) ot ox t=T

: 9%  9¥ -

v ==+ 2

(px 1) ( t 0x )t—T . (47)
: =<3_Q+ﬂ2_f'>

(1xy\O8 ¥ =T

If we compare equations (46) with equations (28), (29), and (30),
we see that :

(t) 6x (T)

T
Yo
X, (5% (T) . (48)
T

Q = Ao () 6x (T)
Substituting equations (48) into equations (45) and rearranging:

Xg(T)&(T) = d¢ - d; dT

X\I:I‘(T)&(T) = 3% - ¥ dT } (49)

X;(T)&(T) =dQ - Q dT

16




We can now substitute equations (49) into equations (38), (39), and
(40) to obtain:

T

=T, =, .. = T .
= AT(t) G (b) 6 dt 5

d¢ t{ o (VG (0 oa(t) +[ o x(t)] (¢ *9dT

— T oo - T :

av = {o A, (8 G (t) 6 (1) di "[\p (t) 6x(t)] to+~1de

— T_T — — —T — .

dQ = 0 = tfoxﬂ (t) G (t) 6 (t) dt +[7\Q (t) Gx(t)] t=t, * QdT

(50)

These are the desired changes in q?, v , and Q for the control variable
perturbations 6 (t).

Determination of the Control Variable Perturbations

We now wish to find the éa that maximizes 55 in the first expression of
equation (50) for given values of:!

T o __
1) (dp)? = [ & " (t) w da (t) dt (51)
2) I3
3) da .

First, we solve the third equation of equation (50) for dT and eliminate
it from the first and second expressions of equation (50):

T
dT = Q f 7\ (t) G (t)oc (t) dt+ x T () 3% (ty) . (52)
0

1. The matrix Wis an m x m symmetric weighting matrix chosen to improve
convergence of the procedure.

17



Substituting equation (52) into the first and second expressions of
equation (50),

T
d¢>=tf ;(t)G(t)éoz(t) dt + qf(to)ax(to)
0
Ao f e, = — T, =
+¢ s tf Ao (8) G () Sa (1) dt + Ao (to) 6% (to) (53)
0

— T_T -— — _T —
v = tf Ay (D) G (1) 6ar (1) dt+ A (to) 6x (tg)
0

_15<f ) ba (t) dt + x T (todx (to)> (54)
t
or
d_—fTXT(taté—a(tdt+7_\Tt6_t (55
¢>—t o1 ) G (t) ) ¢1(°)X(°) )
0
_ T
ar = [ X M (t) G (t) 6o (t) dt + >\ , (10 8 (tg) (56)
to
where

o1 ¢ Q
(1xn) (1xn) (1xn)
(57)
=T T ¥ =T
}\\Ifi (t) qu (t) 5 )‘Q (t)
(p Xn) (p xn)

18




As stated before, the problem is to find the control variable perturbation

to maximize dg for given values of d¥ and dp, with d2 = 0. This is accom-
plished by first forming a linear combination of equation (55) with equations
(51) and (56) through the use of the Lagrange multipliers v and u. The second
variation of this linear combination is then formed. It is shown in Reference

3 that this consideration leads to the following expression for the desired con-
trol variable perturbation for éa (t):

5 (t) -—%W"G (t)[im (ty - ;\1/1 () v] ) (58)

(mx1) (mxm) (mxn) (nx1) (o xp) (px1)

where (4 is a constant and v is a p x 1 row matrix of constants. The expression
for da (t) can now be substituted into the equations for d¥ and (dp) [equations
(51) and (56)] to obtain two equations that can be solved for p and v. If we
first substitute equation (58) into equation (56), we obtain the following after
some manipulation:

vy = L1 (] -2p d¥) (59)
where
T—-T - = =T, - )
=/ Mgy (DG (D) W TG (b x¢1(t) dt (60)
(pXi) to N |
T ¢ - =, =T . - ]
L=/ Ay () G ) w1G ~ (t) Ay, (D] at (61)
(pxp) to L .
dv = dv - ;‘31 (to) 6% (ty) : (62)
(px1) '

From equations (58) and (59), we can write:

19



— il- — — - — -
sa (1) = @-[x(;ri(t) Guw™ - A, G (W ‘1} (63)

T T _, T ~T,  _T

o= I (LThT - o2p Ay (LY (64)
where

&T @ - & Ty 7_\1/1 (to) : (65)

If we now substitute equations (58) and (63) into equation (51), the
following result is obtained:

(dp)2 = ﬁz <13 - 11T 12-1 I1> + d'\"IIT 12_1 d’\‘i’ (66)
where
Tt — - =T -
L = | Ai(t)G(t)w_G (t) A, |dt . (67)
(1x1) & |® 1

Solving equation (66) for u:

~

, —
U = d:\J =L Ii T 111 . (68)
(dp)? -d¥ " L,~ d¥

Equations (59) and (68) give the solutions for u and v. These can be
substituted into equation (58) to obtain the following:

~ T _ ~
— - - - 2 )
b (t) =+ W 1GT(t)<>\¢1— Xy b 111> ey -k
L-I L'l
T (69)
w-lg X -1 33
+w TG (t) }\‘111 I, * dv

20




This is the desired control variable perturbation that maximizes do
in the first expression of equation (50) for a given value of (dp)z'[equation (51)],
given p values of d¥ [the second expression of equation (50)} and dQ = 0 in the
third expression of equation (50). Thus, we substitute equation (69) in the first
expression of equation (50) or equation (55) to obtain the predicted change in
¢ for the change in the control variables:

d¢) = :I:J [(dp)z - d’\\‘I/T 12-1 d’\‘i] (13 - 11T 12-1 11)

T ~ =T -
+ 11 12-1 dv + A¢1 (to) ox (to) . (70)

For d¥ = 0 and dx (ty) = 0, equation (70) becomes:

& =+ \( - 175 (o’ (1)
or

d¢ T .

al;9=i\|13 - Lt : (72)

As the optimum solution is approached and the terminal constraints are
met, this gradient must tend to zero. The + sign is used if ¢ is to be maxi-
mized and the - sign is used if ¢ is to be minimized.

The control variable perturbations as given by equations (69) are now

added to the initial or previous control variable estimates to yield the new
estimates:

21



@ (1) = Ep (t) + da () (73)

The new estimates Evn (t) are now used in equation (6) and the process
is repeated until the terminal constraints are satisfied and g% —- 0.
APPLICATION OF THE STEEPEST ASCENT METHOD TO AN
APOLLO THREE-DIMENS IONAL REENTRY PROBLEM

Problem Formulation

The specific problem investigated herein has been studied extensively
by Colunga using the indirect method termed the "modified sweep method"
[7]. Basically, the optimization problem consists of determining the roll
angle program g (t) in the interval t; to t, which can be used to control an

f
Apollo spacecraft to minimize the following function:
tef(2a Dyt ~ 1 5 (74)
I = f I — + 7\0 p2 \% dt .
to m

This form is of the classical Langrange or Bolza problem and can be trans-
formed to the Mayer problem [9]. This is done by introducing one additional
state variable and one additional differential equation. If this state variable
is denoted as q (t), then:

g (t) = [integrand of the function IJ (75)

or

& - St hetv (76)
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where the first term measures acceleration caused by aerodynamic forces
and the second term measures convective heating experienced by the space-
craft. We also have:

q(t) = 0 . (77)

From equation (75) we canrewrite equation (74) as:

' 1
fl@L?+Dp)2 o~ 1
q(t) = f (———)+x0p2v3 dt (78)

or

which is of the form of the Mayer problem. Thus, the system is defined by
the following state variables (n = 7):

— -
h (t)

6 (t)
x (t) = | A (1)
(7x 1) v (t)
v (t)
A (t)
K (t)

(80)

These state variables are subject to the control variable (m = 1):

a (t) =[8 ()] : (81)
(1x1)
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The problem is now to determine o (t) in the interval t; = t = t_ to minimize

f

S
i
=i

(82)

This minimization is to be accomplished while satisfying either of the following
two cases involving the terminal constraints and the stopping conditions:

Case 1 — Terminal Constraints (P = 5):

[ 4] B -
¥, h(t) -
1 r
¥, G(tf) O_f
\ii ) \1,1 B A(tf)'ff (83
I I R ER A WY :
; £ Y
¥, Alt)-A,
1 b p
| Y5

Single stopping condition is as follows:

_1
Q =v (tf) - 261 m/sec (856 ft/sec) . (84)

Case 2 — Terminal Constraints (p = 5):

_ . _ -
1 -
11 _ =
v, At = Ay
1 11 v (’Cf) -V
Y = \113 = (t) _c (85)
" LA GRS
¥, At) -A
11 | ..1
¥s
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Single stopping condition is as follows:

11

Q = h(t) - 23014m (75504ft) = 0 (86)
where

ﬁf = 23 014 m (75 504 ft)

5f = 24.1 deg

L-lf = -0.6 deg

{zf = -44.3 deg (87

;f = 261 m/sec (856 ft/sec)

Af = -29.4 deg

The time at which the stopping condition is satisfied is denoted as t.. The

f

minimization is also to be accomplished subject to the following differential
equations of motion constraints:

- -

dh/dt
de/dt

da/dt
dv/dt
dy/dt
dA/dt

X ™1
[
Z

dg/dt
L -

where

LI
52
L

v sinvy

vecosycos A/[(R+h) cos A]

v cosysin A/ (R+ h)

Gsiny-D _

[(G cos v)/v]+ [vcosy /(R +h)]+ (Lcos B /v)
[-vcosy ?osAtan A/(R+h)] - {IL sin 8/(v cos Y1}

2 22
(L* + D) iy 3 5

(88)
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G = -p¥/(R+h)?

D = pszcD/(Zm)

L = pszcL/(sz)
1 2

L=gpSvic, . (89)
1 2

D = 2ps:h~CD

p = Poe’B

The following initial conditions for the state variables are assumed at ty = 0:

h (toﬂ 121 920 m (400 000 ft) ]

6 (ty) 0 deg

A (to) 0 deg

v (to) [= |10 668 m/sec (35 000 ft/sec) . (90)
Y. (to) -6.5 deg

A (ty) 0 deg

qa(t)| L 0 deg i

Perturbation and Adjoint Equations

The equations analogous to equations (13) governing the behavior of
perturbations in the system are given by:

4 [6x(t)] = F(t)o6x(t) + G (t) b (t) (91)

dt

where
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4

dt(7>< 1)

6x (t) =
(7x1)

Bx(t)]=| =2 [ov(t)

- b
d
FralCI0)

d

e [66 (t)]
d

T [6A(t)]

dt

d
)

d
— [6A(Y)

d
T [5q(t)]4

L

P -

oh (t)
68 (t)
OA (t)
ov (1)
oy (1)
5A (t)
5q (1) |

da (t) = [6B(t)]

(1x1)

F (t) =
(7% 7)

afy efy afy
8h o0 aq
of afy oty
oh 84 24q
ofy 0y ... afy
dh 96 a9

(92)

(93)

(94)

(95)
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a1y
op
8f,
B
G () =
(7% 1)

of;
88 |

The linear differential equations adjoint to equation (91) are:

- — p—

A A T
1 @1
?\¢2 A2
. =T
= -F " (1)
A A
olrg b7
A e A
}\\Ifii V12 >\\1115
}\\1121 7\\1122"' >\\112_5
. . =_i,T

\ A.- LI BN A..
7\\1/71 v72 \1175J

28

(t)

}\\1111 7\1,12 e

A A
V21 V22

A A ces
w74 V72

V15

A
¥25

A
¥75

(96)

(97)

(98)



7\91 7\91
7\92 ?\QZ
-T .
=-F (1) . (99)
A A
Qq $2q
L i | _

-

9¢

oh

8¢

90
A (T) = | . (100)
¢
(7Tx 1)

29

aq

| et =T

— =

9y B¥;  8¥;

dh  8h oh

oWy 8V, ... 9V,

90 96 90
Ag (T) = ' . ' (101)
(7% 5) . . .

av¥, 9¥, Vg

9q 8q T 8q | _ o
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A (T) =
(7% 1)

These latter three equations become for Case 1 (CI):

I}\p (T{|CI -

(7 % 5)

I}Q(T)]CI -

(7x 1)

30

Qv @
]

[«P X Nab) Q [a5]
alb. o mln- D‘IK):

t=T

(102)

(103)

(104)

(105)




For Case 2 (CII) :

0]
0
_ 0
[A¢(T)] oI = 0 (106)
0
7x 1
(7x 1) 0
1
00000 |
10000
- loto000
[7‘@ (Tﬂ CII |00100 (107)
(7 x 5) 00010
00001
[ 00000 |
ok
0
- _lo
["sz (T)] c | o (108)
(7 x 1) 0
0
0

Total Differentials of ¢, ¥, and g

The desired changes in_cg, \I-;, and Q for the control variable per-
turbations are given by (with 6x (tg) = 0):

T
dp = [ ig(t)a(t)gz(t) dt + ¢ dt (109)
to
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(1) G (t) b6 (t) dt + ¥ dt (110)

Il
>

dv

T
W= A WGMHT W+ ga . (111)
to

If we solve equation (111) for dt and substitute the result in equations (109)
and (110),

T

— ..T - —
do =tf Mo 1 (t) G(t) 6a (t) dt (112)
0
— T_T — —
aw =tf0 x‘h (t) G (t) 6a (t) dt (113)
where
=T =T ¢ =T
ty = 2, (1) - £
7\¢1() ¢() Q7\9('6)
(114)
=T _ T ¥ -7
Mgy (B = A (® : Ao (1)
b (20 4 227
3t 8x Jt =T
(1x 1) _
s
5t 8x Jt =T (115)
(5% 1) _ )
. (09 .0Q :
O =\—+—=1
(1x 1Pt @ t =T
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For Cases I and II, we have:

(5?) -2 (116)
o) 4

r-hINr-n
k.

N
e !;e-
il

o Y

(117)

Q
-
=

oRY
Q/cu [

v
(5 _ £y . (119)
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Control Variable Perturbations

The 6a (t) that minimizes d¢> in equation (112) subject to the termmal
constraints d\If the single stopping condition dQ = 0, and the constraint (dp)
on the magnitude of the control change is given by:

— - - - - » 2 _.— T -—1_
oa (t) = -w =1 GT (t) (}\ -2 12‘1 11> (dp) dv dv
¢1 w1 T -
L-I L'

+ wlGg T (t)?x 12'1 aw (120)

where

T
I, = fo[iT () G () wlar (b X¢1 (t):l dt

(5x 1) ¥l
T, T - - - T -
L = | ; (B G(t) wlG (1) g 1 (t)] dt . (121)
(5x5) o L
MY ]
I = (t) G w G (t) A (t)] at
(i1x1) o L ¢1 ¢1

We can now substitute equation (120) into equation (112) to obtain the change
in ¢ for the change in the control variable:

_ _ — - L
d¢ = “\J [(dp)2 -3 d‘l’] [13 -1,T 111] st A L (122)

For d¥ = 0, this becomes:
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d T . _
—Qz-dg-li Lt . (123)

We now add 6« (t) to the initial or previous estimate to yield:

a () = &p (t) + 6a (t) . (124)

The new estimates &N (t) are now used in equation (88) and the process is

d
repeated until terminal constraints are met andE:-)2 — 0.

STUDY RESULTS

Computer Program Development

The study of the application problem herein has resulted in the
development of a highly flexible computer program that can be adapted to
other trajectory optimization problems. The Marshall Vehicle Engineering
Simulation System (MARVES) programming system is used extensively in
this development. The use of the MARVES programming language provides
the added flexibility of specifying program statements directly related to
the application problem. It also provides an easy means of modifying the
developed program. A complete description of the program is given in the
appendix.

Application Results

In an application problem of this nature, several parameters can
be studied to establish their relative importance and/or effects on the
minimizing or maximizing function. The Case 1 problem involving the
five terminal constraints and the velocity stopping condition was selected
for various parameter perturbation runs. These various runs are summar-
ized in Table 1.

The standard deviation of the corrections 6a (t) to the control
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parameter is computed at the end of each cycle for a given run. This pro-
vides a guantitative measure of the overall magnitude change in the corrections
from one cycle to the next. This quantity is denoted in Table 1 as ¢ sa

It is easily seen from Table { that the steepest ascent method is
sensitive to the selection of the parameters ky, dpy, and k;. These results
indicate the need for a more rigorous selection criteria for these parameters.
It should be pointed out that the ky, dp,, and k; values used are not necessarily
the values to use for other application problems.

37



APPENDIX A. COMPUTATIONAL SOLUTION PROCEDURE
FOR THE STEEPEST ASCENT METHOD

This appendix lists the various computational steps in the implementa-
tion of the steepest ascent method. These are the specific steps to be taken
to obtain the minimizing solution for the Apollo application problem discussed
earlier. A computer program listing containing the computational details is
also given. Typical output results for the application problem are included.

It should be pointed out that the program listing is for the deck operation

on the IBM 7094 computer. A similar deck exists for use on the UNIVAC 1108
computer.

It is noted that both programs have double precision capability. The
SC-4020 plotting procedures are also used extensively in each program.

Step 1

Integrate equation (88), given initial estimates [&p(t)] of control

variable and initial conditions [)-((to = 0)], until stopping condition of equation
(84) or equation (86) is satisfied. The time at which this occurs is denoted
as T. Store the state variable values betweent=0andt="T.

Step 2

Integrate equations (97), (98), and (99) backwards from t = T to
determine the adjoint variables >_\¢ (7x 1), }-\\I’ (7% 5), and XQ (7x 1).

The matrix F (t) is evaluated on the nominal path by reference to the stored

values of the state obtained in Step 1. Thus, F (t) is a time varying array
of coefficients.

Sten 3

Calculate A . A as given by equation (114). Then form A T G
T - o1’ w1 ¢ 1
and A\Ifi G
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Step 4

| Carry out backwards integrations to obtain I;, I, and I3 [equation (121)].
Step 5

Print out the values of q, \171, %2, cees T 5 achieved by the nominal
trajectory. These values result from using the initial control estimates

&p (t) . This is the first solution.

Step 6

Select dp% so as to obtain a reasonable value of dp% /T, a mean square
deviation of the control from the nominal to the next step.

Step 7

Select the changes d¥ 4, d¥,, ..., d¥ 5 so that

~ 1
T‘h
¥y
dv\I'=-ko ) E“koa-gl ,0<k051
s
T Tt=T

within the limitation that:

-

dp:(dp% ~dy T I, 1 dN\p) = 0

and where ¥ refers to Case 1 [equation (83)] or Case 2 [equation (85)] for
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the terminal constraints. If the ¥ 's make dp negative, reduce dw by a
constant factor so that dp = 0 (or nearly vanishes); i.e., the limitation on

dp becomes:
Y TR Tl N
dp = ko (dpo - k1 dv 12 d\II> =0
where 0 < ky = 1. It is noted that two cases can occur; namely, dp = 0 or

dp < 0. Ifdp = 0, we would proceed to Step 8. However, if dp < 0, then
kq is selected such that dp = 0 and then control is transferred to Step 8.

Step 8

Use equation (120) to determine Sar (t) and add it to &p (t) to form

c_v-p (t) + ‘sar (t)for the next approximation.

Step 9

Examine the $1, \;2, cees \175 values from Step 5 to see how close to

zero they are. Examine g—g [equation (123)] to see if the solution is sufficiently

close to the minimizing solution.

Step 10

For ;I‘; ~ ( satisfied, if g—g is not sufficiently close to zero, return

to Step 1 and use &p(t) + o (t) and repeat the computational cycle.
Step 11

~ d
Terminate when ¥ = 0 and ﬁ -0

Steps 1 through 5 yield all the information for the first cycle; i.e., we
have the optimum payoff function q (t) which results from using the control
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variable estimate c_vp(t) . The information required in the following cycles is
given in Steps 6 through 11. A value for the parameter k; is selected to obtain
values for d¥ which are closer to zero. A constant ky is maintained in all

d . e
cycles from the second value on. In checking (ﬂ? , if oscillations occur, then

dp, is reduced by an order of magnitude; i.e., dp = 0.01, 0.001, 0.0001, etc.

Example of Plot Output Results for Case | Application
Problem, Run Number 6 (Cycle 2) Data

H: Altitude (Fig. A-1)
Theta: Longitude (Fig. A-2)
Delta: Latitude (Fig. A-3)
v: Velocity (Fig. A-4)
Gamma: Angle of Attack (Fig. A-b)
A: Heading Angle (Fig. A-6)
F7A: Acceleration Component of Q (Fig. A-7)
F7H: Heating Component of Q (Fig. A-8)

Beta: Roll Angle (Fig. A-~9)
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Figure A-2. Longitude versus time.
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Computer Listing of Steepest Ascent Optimization Program
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Typical Output Results for Case | Application Problem,
Run Number 8 (Cycle 1)
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